The asymptotic equilibrium of differential systems in Euclidean spaces has been considered by several authors. These papers deal with a majorant function, g (t, u), which is either non-decreasing or non-increasing in u for each t. In extending these results to differential systems in a Banach space additional conditions must be placed on the system. In this paper the Kuratowski measure of non-compactness is used to give conditions yielding asymptotic equilibrium of the system in a Banach space.
A differential system x' = f ( t , x ) where f e C [ [ t o, co)xB, B]
(I)
x(~) = ~ (2) has asymptotic equilibrium if (1) for any initial condition (~, £) e [to, oe) x B the system has a solution x(t) existing on [?, m) and such that limt_~o ~ x(t) exists and is finite, and (2) for any v ~ B there exists (~, 2) s [to, oe) x B and a solution x(t) of (1)- (2) with limt_.o~ x(t) = v. Several papers have appeared dealing with asymptotic equilibrium of (1)-(2) when B = R", a n d f i s majorized by a scalar function g(t, u) which is monotone in u for each t, [1, 3] . However, when B is an arbitrary Banach space additional restrictions must be placed on f, (see [p. 161, 4; 5] ). In [7] a set of sufficient conditions for local existence of solutions of (1)- (2) in an arbitrary Banach space is given. These conditions include the use of the Kuratowski measure of non-compactness of bounded sets, denoted throughout this paper by (see [2, 7] ). Since our goal will be to give sufficient conditions for asymptotic equilibrium of (1)-(2) using ~, the first lemma incorporates some known properties of ~ (see [7] ). is non-decreasing so limt-,~o r(t) = r(oo) < oo and Ilvll -< r(t) _<_ r(oo) for all t ~ [to, ~).
For ~ e R + let u(t, to, ~) be the maximal solution of u' = g(t, u), U(to) = A. As before we have lim,_~o u(t) = u(~) < oo and ~ = U(to) < u(t) < u(oo) for all t e [to, oo). However by (2.3) g(t, u) is non-decreasing in u for each t so that f: [7", oo) 
let re(t) = ~((Xn(t)}~=l). Then re(t) is uniformly continuous on [T, oo).
Proof. Notice 
Suppose the hypotheses of Theorem 2 are satisfied and f is uniformly continuous on bounded subsets of [T, oo) × B. Let {x,(t)}~= 1 be the sequence of functions which'exist by Theorem 3. For ~ ~ [T, ~) and h > 0 we can express x.(~ + h) = x.(~) + hf(~. x.(~t)) + he.(h) and where x.(~) = x.(~-h) + hf(t x.(~)) + h~.(h)
-
6.3) G e C[[T, oo)x R +, R +] such that G(t, O) = 0 and the only solution u(t) of u' = G(t, u), u(~) = 0 with limt-~i u(t)/t-~ = 0 is u(t) -O. (6.4) For h > 0 and A a bounded subset of B we have a( { x + hf(t, x)lx e A})-~(A) <_ hG(t, o~(A)).

Then m(t) = 0 on It*, oo).
Proof. Recall re(t) = ~({x.(t)}~= 1). Now using Lemma 5 and considering h > 0 we have
m(t + h) -re(t) _ ~({ x.(t + h) }~= l) -~({ x.(t) }~= l) h h ~({ x,(t) + hf(t, x,(t)) -he,(h) }7= i) -~((x,(t) }7= x) h <_ ~((x.(t) + hf(t, x,(t)) }~= l) -a({ x,(t) }no°_-i) + ~((he,(h) }~= l) h
Now, using (6.4) and (1.2) we have
m(t + h) -re(t) <_ hG(t, ~((x.(t) };= 1)) + h~((e,(h) }~= i) h h = G(t, ~({ x,(t) }~o= 1)) + ~((e.(h) }~= 1).
Hence, by applying Lemma 5 we obtain D+m(t) < G(t, re(t)). Again, by the Comparison Theorem [p. 19, 6] since D+m(t) <_ G(t, m(t)) on [T, oo) and m(t*) = 0 we have m(t)
is less than or equal to the maximal solution of u' = ~(t, u), u(t*) = o.
Consider x.(t*+h)/h and using Lemma 5 then for h > 0 we have x,(t* + h) _ x,(t*) + hf(t*, x,(t*)) + he.(h) h h = x.(t*) +hf(t*, x.(t*)) + ~.(h). h
Thus,
_< lim re(t) = lim ~({x.(t)}~=l) _ lira ~((x.(t* +h)}~= l)
t~t* t-t* t-*t* t-t* h-*o+ h
h-*O* h
= G(t*, m(t*)) = G(t*, O) = O.
Hence lim,_.,, m(t)/t-t* = 0 so by (6.3) we have m(t) = O for all t ~ [t*, oo). []
Remark. It is proved in [7] that the system (1)-(2) has a local solution when f satisfies (6.1), (6.2), (6.3) and (6.4). Thus, we have sufficient hypotheses to assure local existence.
In Theorem 6 we assumed the existence of t* ~ [T, ~) such that m(t*) = O. Theorem 7 yields sufficient conditions to assure such a t* exists. 
Then there exists a t* e [T, ~) such that m(t*) = O.
Proof. Recall re(t) = e({x.(t)}~=l) and from Lemma 4 we know re(t) is continuous, Now using Lemma 5 and considering h > 0 we have
Now by (1.1) we have
m(t) -m(t-h) >_ c~({ x.(t) }~= 1) -~({ x.(t) -hf(t, x.(t)) }~= 1) + ~({ -hg.(h) }~= a) h h
Next using (7.3) and (1.2) we have
m(t)-m(t-h)
Thus, Since convergence is uniform on compact subsets it follows that t s
hF(t, ~({ x,(t)
}~=
x(t) = x(t*) + f t.f( , x(s)) ds.
Thus, x(t) is a solution of the system x' = f(t, We conclude by emphasizing that the use of Kuratowski's measure of noncompactness played an essential role in generalizing asymptotic equilibrium results to Banach spaces. The authors feel that this tool will play an increasingly large role in such investigations.
